Abstract. In this paper, some random fixed point theorems for continuous and condensing multi-valued random operators are proved and they are further applied to the random integral inclusions for proving the existence of the solutions via the priori bound method.
INTRODUCTION
Let (Ω, A) be a measurable space and let X be a separable Banach space with norm · . Let β X denote the Borel algebra of open subsets of X. A function x : Ω → X is called measurable if
for all B ∈ β X . The set of all measurable functions form the set Ω into X is denoted by M(Ω, X). Let P(X) denote the class of all subsets of X, called the power set of X. Denote P p (X) = {A ⊂ X | A is non-empty and has the property p}.
Here, p may be p =closed (in short cl) or p =convex (in short cv) or p =bounded (in short bd) or p =compact (in short cp). Thus P cl (X), P cv (X), P bd (X) and P cl (X) denote, respectively, the classes of all closed, convex, bounded and compact subsets of X. Similarly, P cl,bd (X) and P cv,cp (X) denote, respectively, the classes of closed-bounded and compact-convex subsets of X. A correspondence Q : X → P p (X) is called a multi-valued mapping or multi-valued operator on X into X. A point u ∈ X is called a fixed point of Q if u ∈ Qu and the set of all fixed points of Q in X is denoted by F Q .
Let Q : X → P p (X) be a multi-valued map. Q is called bounded if Q(S) is a bounded subset of X for all bounded subsets S of X. Q is called compact if Q(X) is a compact subset of X. Again, Q is called totally bounded if Q(S) is a totally bounded subset of X for all bounded sets S in X. It is clear that every compact map is totally bounded, but the converse may not be true. Q is called an upper semi-continuous at x ∈ X if for each open set V in X containing f (x), there exists a neighborhood N (x) in X such that Q(N (x)) ⊂ V . Q is called upper semi-continuous on X if it is upper semi-continuous at each point of X. An upper semi-continuous multi-valued map Q on X is also called a closed multi-valued map on X. Finally, Q is called completely continuous on X if it is upper semi-continuous and totally bounded on X. It is known that if Q is a closed multi-valued map with compact values on X, then if we have sequences {x n } and {y n } in X such that x n → x * , y n → y * and y n ∈ Qx n , n ∈ N, then y * ∈ Qx * . The converse of this statement holds if Q is a compact multi-valued map on X. The details of all these definitions appear in Hu and Papageorgiou [7] .
A multi-valued mapping Q : Ω → P p (X) is called measurable (respectively weakly measurable) if
for and
all closed (respectively open) subsets B in X. A multi-valued mapping Q : Ω → P p (X) is called a multi-valued random operator if Q(·, x) is measurable for each x ∈ X, and we write Q(ω, x) = Q(ω)x. A measurable function ξ : Ω → X is called a random fixed point of the multi-valued random operator Q(ω) if ξ(ω) ∈ Q(ω)ξ(ω) for all ω ∈ Ω. The set of all random fixed points of the multi-valued random operator Q(ω) is denoted by F Q(ω)
The details of Hausdorff measure of noncompactness and its properties appear in Deimling [2] , Hu and Papageorgiou [7] and the references therein. Definition 1.1. A multi-valued mapping Q : X → P bd (X) is called condensing (resp. countably condensing) if for any bounded (countable and bounded) S ∈ P p (X), we have that β(Q(S)) < β(S) whenever β(S) > 0.
It is known that compact and contraction multi-valued maps are β-condensing, but the converse may not be true. The following results are well-known in the literature. The study of random fixed point theorems for the continuous and condensing multi-valued random self-mappings on the closed subsets of a Banach space have been obtained in Itoh [9] using the separability of the Banach spaces. In the present work, we establish a random version of the fixed point theorem due to Martelli [11] for continuous and condensing nonself multi-valued random operators on separable Banach spaces under suitable conditions. We also apply our random fixed point theorems to random integral inclusions for proving the existence results under certain compactness type conditions. We claim that the results of this paper are new to the literature on random fixed point theory and random integral inclusions.
MULTI-VALUED RANDOM FIXED POINT THEORY
We need the following definitions in the sequel. 
where a is a first element of A.
for any countable subset A of X, where C is a relatively compact subset of X called the support set of Q in X.
Notice that condensing mappings =⇒ countably condensing =⇒ Condition D =⇒ Chandrabhan map, but the converse may not be true.
A nonlinear alternative for condensing multi-valued mappings useful in applications to differential and integral inclusions is the following variant of a fixed point theorem of Dhage [3] . Theorem 2.3. Let X be a Banach space, K ⊂ X a closed convex, and U ⊂ K an open and bounded set in K. Let Q : U → P cp,cv (K) be an upper semi-continuous and Chandrabhan map with support set C in U . In addition assume that
Then Q has a fixed point. The following general random fixed point theorem appears in Tan and Yuan [17] . We need the following definition in the sequel.
It is known that condensing mappings with the bounded ranges in the Banach space X are hemi-compact, but the converse may not be true (see Tan and Yuan [17] To prove the main multi-valued random fixed point theorem of this section, we need the following lemma in the sequel.
Lemma 2.7. Let X be a Banach space and let Q : X → P cp (X) be a Chandrabhan mapping. Then for any sequence {x n } in X satisfying d(x n , Qx n ) → 0 as n → ∞ has a convergent subsequence. In particular, Q is hemi-compact on X. 
Since Q is Chandrabhan mapping M is compact and that {x n } has a convergent subsequence. Hence Q is hemi-compact on X and the proof of the lemma is complete. Then Q(ω) has a random fixed point in U in X.
Proof. Let ω ∈ Ω be fixed. Then by Corollary 2.4, the operator inclusion u ∈ Q(ω)u has a solution in U . Again, the multi-valued x → Q(ω)x is Chandrabhan, so it is hemi-compact on U . Hence, by Theorem 2.6, Q(ω) has a random fixed point in U . This completes the proof.
As a consequence of Theorem 2.8 we obtain very interesting results which are fruitful in the formulation of random hybrid fixed point theory for multi-valued random operators on separable Banach spaces and Banach algebras. Proof. Since the set E is bounded, there is a constant r > 0 such that u(ω) ≤ r for all u ∈ E and ω ∈ Ω. Now consider the open ball B r (0) in X centered at the origin of radius r. Then the multi-valued random operator Q : Ω × B r (0) → P cp (X) satisfies all the conditions of Corollary 2.4. Hence Q(ω) has a random fixed point in B r (0). This completes the proof.
HYBRID RANDOM FIXED POINT THEORY
Let A, B ∈ P p (X) and denote
It is known that if X is a separable Banach space and the measure space (Ω, A, μ) is complete, then strong measurability of the multi-valued mapping F implies the measurability of F on Ω, i.e. Q − (B) ∈ A for every B ∈ β X (see Deimling [2, page 11] ). To prove the next multi-valued random fixed point theorems, we need the following lemmas in the sequel.
Lemma 3.2. Let (Ω, A, μ) be a complete σ-finite measure space and let X be a separable Banach space. If S, T : Ω → P cl (X) are two random multi-valued operators, then the sum S + T defined by (S + T )(ω) = S(ω) + T (ω) is again a random multi-valued operator on Ω.
Proof. Since X is a separable Banach space and the measure space (Ω, A, μ) is complete, we assume that S and T are strongly measurable multi-valued mappings on Ω. Then there are sequences {S n (ω)} and {T n (ω)} of step multi-valued operators such that
as n → ∞. Note that by virtue of the step multi-valued operators, S n (ω) + T n (ω) is well defined for each n ∈ N. Now by Lemma 2.7,
is strongly measurable and hence a multi-valued random operator on Ω.
for all x, y ∈ X, where ψ ω (r) = ψ(ω, r) and 
Then the random operator inclusion x ∈ A(ω)x + B(ω)x has a random solution in U .
Proof. Define a multi-valued mapping Q :
Since (Ω, A, μ) is a complete σ-finite measure space and X is a separable Banach space, by Lemma 3.1, Q(ω) defines a multi-valued random operator Q : Ω × U → P cp (X).
As A(ω) is a multi-valued random contraction, it is continuous on U . As a result, Q(ω) is a continuous multi-valued random operator on U . Again U is bounded, so from the continuity of Q(ω) it follows that Q(ω)(U ) is a bounded subset of X. We just show that Q(ω) is a condensing multi-valued operator on U . Let S ⊂ U . Then for all ω ∈ Ω, one has
if β(S) > 0. This shows that Q(ω) is a condensing multi-valued random operator on U . Now the desired conclusion follows by an application of Theorem 2.9. This completes the proof. 
Then the random operator inclusion x ∈ A(ω)x + B(ω)x has a random solution.
Remark 3.8. The conclusion of Theorem 3.5, Corollary 3.6 and Theorem 3.7 also remains true if we replace the multi-valued random operator A(ω) with a single valued random operator and the hypothesis (a) with "A(ω) is single-valued contraction."
Next we prove some hybrid fixed point theorems for multi-valued mappings in Banach algebras. Let X be a Banach algebras and let A, B ∈ P p (X). Then we define AB = {ab | a ∈ A and b ∈ B}.
To prove the next multi-valued random fixed point theorems, we need the following lemmas due to Dhage [3] in the sequel.
Lemma 3.9. Let X be a Banach algebra and let (P cl (X), d H ) be the generalized metric space. Then
for all A, B, C, D ∈ P cl (X). Proof. Since X is a separable Banach space and the measure space (Ω, A, μ) is complete, we assume that S and T are strongly measurable multi-valued maps on Ω. Then there are sequences {S n (ω)} and {T n (ω)} of step multi-valued mappings such that
as n → ∞. Note that by virtue of step multi-valued mappings, S n (ω)T n (ω) is well defined for each n → N. Now by Lemma 3.9,
This shows that Q(ω) is strongly measurable and hence Q(ω) is a multi-valued random operator on Ω. This completes the proof. 
b) B(ω) is compact and continuous, (c) A(ω)x B(ω)x
+ C(ω)x ∈ P cl,cv (X) for all x ∈ U , (d) M (ω) φ ω (r) + ψ ω (r) < r if r > 0, where M (ω) = B(ω)(U ) P ,
and (e) there does not exist a function u : Ω → ∂U ) such that λ(ω)u ∈ A(ω)u B(ω)u + C(ω)u for all ω ∈ Ω and for all measurable functions λ : Ω → R satisfying λ(ω) > 1 on Ω, where ∂U is the boundary of U in X.

Then the random operator inclusion x ∈ A(ω)x B(ω)x+C(ω)x has a random solution in U .
Proof. Define a multi-valued mapping Q : Ω × U → P cp,cv (X) by
Since (Ω, A, μ) is a complete σ-finite measure space and X is a separable Banach space, by Lemma 3.9, Q(ω) defines a multi-valued random operator Q : Ω × U → P cp,cv (X).
As A(ω) and C(ω) are multi-valued D-Lipschitz, they are continuous on U in view of hypothesis (c). As a result, Q(ω) is a continuous multi-valued random operator on U . Again U is bounded, so from the continuity of Q(ω), it follows that Q(ω)(U ) is a bounded subset of X. We just show that Q(ω) is a condensing multi-valued operator on U . Let S ⊂ U . Then for all ω ∈ Ω, one has
β(Q(ω)(S)) ≤ β(A(ω)(S) B(ω)(S)) + β(C(ω)(S)) ≤ ≤ B(ω)(S) P β(A(ω)(S)+ +
A(ω)(S) P β(B(ω)(S)) + β(C(ω)(S))
Then the random operator inclusion x ∈ A(ω)x B(ω)x+C(ω)x has a random solution in B r (0).
Theorem 3.14. Let (Ω, A, μ) be a complete σ-finite measure space and let X be a separable Banach algebra. Let A, C : Ω × X → X be two single-valued and B : Ω × X → P cp,cv (X) be a multi-valued random operator satisfying for each ω ∈ Ω: (a) A(ω) and C(ω) are Lipschitz with the Lipschitz constants k 1 (ω) and k 2 (ω) respectively, (b) B(ω) is compact and continuous,
(c) M (ω) k 1 (ω) + k 2 (ω) < 1/2, where M (ω) = B(ω)(X) P , and (d) the set E = {u : Ω → X | λ(ω)u ∈ A(ω)u B(ω)u + C(ω)u} is bounded for all measurable functions λ : Ω → R satisfying λ(ω) > 1 on Ω.
Then the random operator inclusion x ∈ A(ω)x B(ω)x+C(ω)x has a random solution.
(a) A(ω) is Lipschitz with the Lipschitz constant k(ω), (b) B(ω) is compact and continuous, (c) A(ω)x B(ω)x
∈ P cl,cv (X) for each x ∈ B r (0), (d) M (ω) k(ω) < 1, where M (ω) = B(ω)(B r (0)) P ,
(a) A(ω) is Lipschitz with the Lipschitz constant k(ω), (b) B(ω) is compact and continuous,
for all measurable functions λ : Ω → R satisfying λ(ω) > 1 on Ω.
Then the random operator inclusion x ∈ A(ω)x B(ω)x has a random solution.
The following results are sometimes useful for applications to quadratic random differential and integral inclusions and hence we state them separately. 
Then the random operator inclusion x ∈ A(ω)x B(ω)x has a random solution in B r (0).
Then the random operator inclusion x ∈ A(ω)x B(ω)x has a random solution.
FUNCTIONAL RANDOM INTEGRAL INCLUSIONS
First, we discuss the Volterra type random integral inclusions for existence as well as existence of the extremal random solutions between the given strict lower and strict upper random solutions. Let (Ω, A, μ) be a complete σ-finite measure space and let R be the real and let J = [0, T ] be a closed and bounded interval in R. Consider the functional random integral inclusion (in short FRII),
for all ω ∈ Ω, where q :
and the functions σ, η : J → J are continuous. By a random solution of the FRII (4.1) on J × Ω we mean a measurable function
where C(J, R) is the space of continuous real-valued functions defined on on J.
The RII (3.1) seems to be new and includes several known random differential inclusions already studied as special cases. The special case in the form of differential inclusion
for all ω ∈ Ω, where q : Ω → R is measurable and G : J × R × Ω → P p (R) has been discussed in the literature for various aspects of the solutions. See Papapgeorgiou [12, 13] and the reference therein. Let M (J, R), B(J, R) and C(J, R) denote the spaces of measurable, bounded and continuous real-valued functions on J respectively. We will seek the random solutions of FRII (3.1) in the function space
Clearly, C(J, R) becomes a separable Banach space. Similarly, let L 1 (J, R) be the Banach space of Lebesgue integrable real-valued functions on J with the norm · defined by
Let β : J ×R×Ω → R be a multi-valued mapping. Then for any function x ∈ C(J, R),
for all ω ∈ Ω. This is our set of selection functions for β on J × R × Ω. When there is no confusion, we denote S
, where y(t, ω) = x(θ(t), ω) for some continuous function θ : J → J. The integral of the random multi-valued function β is defined as We need the following definitions in the sequel.
(i) (t, ω) → β(t, x, ω) is jointly measurable for each x ∈ R, and (ii) x → β(t, x, ω) is Hausdorff continuous almost everywhere for t ∈ J.
Again, a Carathéodory multi-valued function β is called strong L 1 -Carathéodory if:
for all x ∈ R with |x| ≤ r.
for all x ∈ R, and the function h is called a growth function of β on J × R × Ω.
Then, we have the following lemmas which are well-known in the literature. 
Lemma 4.3 (Lasota and Opial [8]). Let E be a Banach space. If dim (E) < ∞ and
β : J × E → P cp (E) is L 1 -Carathéodory, then S 1 β (x) = ∅ for each x ∈ E.L • S 1 β : C(J, E) → P bd,cl (C(J, E))
is a closed graph operator on C(J, E) × C(J, E).
Lemma 4.5 (Carathéodory theorem [7] ). Let E be a Banach space. If β :
then the multi-valued mapping t → β(t, x(t)) is measurable for each measurable function x : J → E.
We consider the following set of hypotheses in the sequel. Moreover,
There exists a measurable and bounded function γ : Ω → L 1 (J, R) with γ(t, ω) > 0 a.e. t ∈ J and a continuous nondecreasing function ψ :
Theorem 4.6. Assume that the hypotheses
for all ω ∈ Ω, then the RDI (4.1) has a random solution in C(J, R) defined on J × Ω.
where
is a continuous operator defined by
Clearly, the operator Q(ω) is well defined in view of hypothesis (H 2 ). We shall show that Q(ω) satisfies all the conditions of Theorem 2.8.
Step I. First, we show that Q is a closed valued multi-valued random operator on
, where L : L 1 (J, R) → X is the continuous operator defined by (4.9) .
Next, we show that Q(ω) is a multi-valued random operator on X. First, we show that the multi-valued map (ω,
But by hypothesis
. Now the integral is the limit of the finite sum of measurable functions, and so,
We shall show that φ(t, x, ω) is continuous in t in the Hausdorff metric on R. Let {t n } be a sequence in J converging to t ∈ J. Then we have: , s, ω)G(s, x(η(s), ω) , ω) ds,
Thus the multi-valued map t → φ(t, x, ω) is continuous and hence, by Lemma 3.9, the map (t, x, ω) → x(η(s), ω) , ω) ds is measurable. Again, since the sum of two measurable multi-valued functions is measurable, the map a random multi-valued operator on [a, b] .
Step II. Next, we show that Q(ω) is compact and continuous for each ω ∈ Ω. First, we show that Q(ω) is a continuous multi-valued random operator on X. Let {x n } be a sequence in X converging to a point x. Then by H-continuity of the multi-valued mapping G(t, x, ω) in x, we obtain
for all t ∈ J and ω ∈ Ω. This shows that Q(ω) is a Hausdorff continuous multi-valued random operator on X.
Next we show that Q(ω) is a compact operator on X for each ω ∈ Ω. Let S be a bounded set in X. Then there is a constant r > 0 such that x ≤ r for all x ∈ S. Let {y n (ω)} be a sequence in ∪Q(ω)(S) for some fixed ω ∈ Ω. We will show that {y n (ω)} has a cluster point. This is achieved by showing that {y n (ω)} is uniformly bounded and equi-continuous sequence in X. Case I. First, we show that {y n (ω)} is a uniformly bounded sequence. By the definition of {y n (ω)}, we have a v n ∈ S 1 G (ω)(x n ) for some x n : Ω → S such that
Therefore,
for all t ∈ J. Taking the supremum over t in the above inequality yields,
which shows that {y n (ω)} is a uniformly bounded sequence in Q(ω)(X).
Next we show that {y n (ω)} is an equi-continuous sequence in Q(ω)(X). Let t, τ ∈ J. Then, for each ω ∈ Ω, we have |y n (t, ω) − y n (τ, ω)| = uniformly for all n ∈ N. This shows that {y n (ω)} is an equi-continuous sequence in Q(ω)(X). Now {y n (ω)} is uniformly bounded and equi-continuous for each ω ∈ Ω, so it has a cluster point in view of the Arzelà-Ascoli theorem. As a result, Q(ω) is a compact multi-valued random operator on X. Thus Q(ω) is continuous and compact and hence a completely continuous multi-valued random operator on X.
Step III. Next, we show that Q(ω) has convex values on X for each fixed ω ∈ Ω. Since S 1 G (ω) has convex values on X (because G has convex values), we have that v(t, ω) = λv 1 (t) + (1 − λ)v 2 (t) ∈ S 1 G (ω)(x)(t) for all t ∈ J. Hence, λu 1 + (1 − λ)u 2 ∈ Q(ω)x and consequently Q(ω)x is convex for each x ∈ X. As a result, Q(ω) defines a multi-valued random operator Q : Ω × X → P cp,cv (X).
Step IV. Finally, we show that the set E is bounded. Let u : Ω → C(J, R) be a function such that λu(t, ω) ∈ Q(ω)u(t) on J × Ω for all λ > 1. Then there is a v ∈ S 
